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• Spatial centro-symmetry breaking (ferroelectricity)
• Time-inversion symmetry breaking ((anti)-ferromagnetism)

Leading order SHG terms allowed only if:



Outline:
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Light source at ω

Analysis of the light at 2ω

System presenting 2nd order non-linearities

• Spatial centro-symmetry breaking (ferroelectricity)
• Time-inversion symmetry breaking ((anti)-ferromagnetism)

Leading order SHG terms allowed only if:Second Harmonic Generation (SHG):

1) Intense electric field laser pulses: example of Kerr-lens mode locking

2) Basic formalism: how can we tackle an SHG experiment/study

3) SHG illustrated by some studies:

a) Ferroelectrics
b) Multiferroics
c) Antiferromagnets
d) Time-resolved and ultrafast abilities



Second Harmonic Generation (SHG): Non-linear optical process

Non-linear optics : “Study of the interaction of light with matter when the response of the 
system (or material) is nonlinear with the amplitude of the electric field of light ”

Booming field of research since the apparition of intense pulsed laser sources

Time

𝑬

CW Laser

(femtosecond)-pulsed Laser

(typically 1W)

1W average power
repetition rate: 1kHz
1 mJ/pulse of 100 fs

10 GW peak power



Femtosecond Laser pulses: Kerr lens Mode-locking

Allowed longitudinal modes

Light pulses

For Ti:Al2O3 Lasers  
…. If all modes are locked in phase



Femtosecond Laser pulses: Kerr lens Mode-locking

Allowed longitudinal modes

Light pulses

…. If all modes are locked in phase

Gaussian spatial profil: 

Propagation direction

Self-focusing for intense light

Gradient of refractive index (= lens) 

Non-linear Kerr effect:

𝑛 = 𝑛0 + 𝑛2 ∙ 𝐼

Introduction of a slit:



From Springer Handbook of Lasers and Optics (2007)

SHG

Second Harmonic Generation (SHG): Non-linear optical process



SHG from classical NL electron spring model :

E(ω)

Harmonic
potential well

Described in : Denev et al. J. Am. Ceram. Soc. 94 2699 (2011)

Oscillating dipole

Reemit an electromagnetic field at ω

Ereemitted(ω)



SHG from classical NL electron spring model :

E(ω)

Described in : Denev et al. J. Am. Ceram. Soc. 94 2699 (2011)

Oscillating dipole

Ereemitted(ω)

AnHarmonic

potential well

Higher orders 

Sources of non-linear

optical phenomena

2nd order non-linear

susceptibility

Linear susceptibility

Optical rectification

N.B.: cos𝜔𝑡 × cos𝜔𝑡 → 1 + cos 2𝜔𝑡

THz



SHG more general tensorial approach:
Additional source terms…

Electric dipole Magnetic dipole Electric quadrupole

Linear optics Non-Linear optics
E : electric field of light
H : magnetic field of light



SHG more general tensorial approach:
Additional source terms…

Electric dipole Magnetic dipole Electric quadrupole

9 possible 3rd rank tensors (27 components each) 

Tensorial expression of the possible SHG terms : 

Time-invariant Time-noninvariant

From: Fiebig et al. J. Opt. Soc. Am.  B 22 96 (2005)

Leading term

χeee = 0
in centrosymmetric systems

Some symmetry considerations: 

All components of axial tensors of even rank and polar tensors of odd rank
must vanish identically for centrosymmetrical classes (symmetry operator ത1)

Neumann’s principle : “any type of symmetry which is exhibited by the point 
group of the crystal is possessed by every physical property of the crystal” 

𝐼𝑆𝐻𝐺
2𝜔 ∝ 𝑃2𝜔

2
N.B.: in the E.D. approximation



SHG in ferroelectric materials:

Protypical bulk systems presenting spatial centrosymmetry breaking
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ቁ𝑃(2𝜔) ∝ 𝜒𝑒𝑒𝑒 𝑖 : 𝐸(𝜔) ⊗ 𝐸(𝜔
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2𝐸1𝐸2(1,2,3) : crystal frame

If no symmetry : 27 different components
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Example : tetragonal barium titanate BaTiO3

Non-centrosysmetric Point Group 4mm

Ba

O

Ti
ത1 1, 2𝑧, ത2𝑥, ത2𝑦 , ത2𝑥𝑦 , ത2−𝑥𝑦 , ±4𝑧but

Symmetry operations:



𝑃1
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SHG in ferroelectric materials:

Protypical bulk systems presenting spatial centrosymmetry breaking

(1,2,3) : crystal frame

3 independent components

Example : tetragonal barium titanate BaTiO3

Non-centrosysmetric Point Group 4mm

Ps

Ba

O

Ti
ത1 1, 2𝑧, ത2𝑥, ത2𝑦 , ത2𝑥𝑦 , ത2−𝑥𝑦 , ±4𝑧but

Symmetry operations:

1 (or x)

2 (or y)

3 (or z)
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SHG in ferroelectric materials:

Protypical bulk systems presenting spatial centrosymmetry breaking

(1,2,3) : crystal frame

E(ω) =
𝐸𝑥 = 𝐸0 cos𝜑
𝐸𝑦 = −𝐸0 sin 𝜑

0

P(2ω) =
0
0

𝜒311
𝑖 𝐸0

2

If:

1 (or x)

2 (or y)

3 (or z)

k(ω)

E(ω)

1 (or x)

2 (or y)

3 (or z)

k(2ω)

E(2ω)

Experimentally not accessible: no SHG 
contrast is expected for this configuration… 

E(2ω) =
0
0
𝐸𝑧
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SHG in ferroelectric materials:

Protypical bulk systems presenting spatial centrosymmetry breaking

(1,2,3) : crystal frame

E(ω) =
𝐸1 = 𝐸0 cos𝜑
𝐸2 = −𝐸0 sin𝜑

0
P(2ω)

If:

=
𝜒333

𝑖 𝐸0
2 cos2𝜑 + 𝜒311

𝑖 𝐸0
2 sin2𝜑

𝜒113
𝑖 𝐸0

2 sin 2𝜑
0

1 (or x)

-3 (or y)

2 (or z)

k(ω)

E(ω)

1 (or x)

-3 (or y)

2 (or z)

k(2ω)

E(2ω)

Experimentally accessible: SHG contrast

𝜒𝑖𝑗𝑘
𝑛𝑒𝑤 = 

𝑙𝑚𝑛

𝑎𝑖𝑙𝑎𝑗𝑚𝑎𝑘𝑛 𝜒𝑖𝑗𝑘
𝑜𝑙𝑑

Tensor rotation:



SHG in ferroelectric materials:

Protypical bulk systems presenting spatial centrosymmetry breaking

From Denev et al. J. Am. Ceram. Soc. 94 2699 (2011) 180° Ferroelectric
domain walls



SHG in ferroelectric materials: Near-field imaging in YMnO3

From Denev et al. J. Am. Ceram. Soc. 94 2699 (2011)

Neacsu et al. Phys. Rev. B. 79, 100107(R) (2009)

𝜒6𝑚𝑚
(2)

=

0 0 0 0 𝜒113
𝑖 0

0 0 0 𝜒113
𝑖 0 0

𝜒311
𝑖 𝜒311

𝑖 𝜒333
𝑖 0 0 0

𝐼𝑆𝐻𝐺
𝑇𝑂𝑇𝐴𝐿 ∝ ±𝑃𝑧

𝑁𝑒𝑎𝑟−𝐹𝑖𝑒𝑙𝑑 + 𝑃𝑧
𝐹𝑎𝑟−𝐹𝑖𝑒𝑙𝑑𝑒𝑖Φ𝐹𝐹

2

Fiebig et al. Phys. Rev. B. 66, 144102 (2002)

Visualization of 180° ferroelectric domain
below the optical diffraction limit
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8 different ferroelectric polarization directions [111]

Ferroelectric configuration:

SHG in ferroelectric materials:

Trassin et al. Adv. Materials 27, 4871 (2015)



SHG in ferroelectric materials: Non-Ising FE domain wall

Cherifi et al. Nat. Comm. 8, 15768 (2017)



SHG in ferroelectric and magnetic materials: Multiferroics

Spalding & Fiebig, Science, 309 391 (2005)

Prototypical multiferroic materials:
BiFeO3, RMnO3…

𝐼𝑆𝐻𝐺 ∝ 𝑃
2

ቁ𝑃 = 𝜀0 𝜒 𝑖 + 𝜒 𝑐 : 𝐸(𝜔) ⊗ 𝐸(𝜔with

Fiebig et al. Phys. Rev. Lett. 84, 5620 (2000)
Fiebig et al. J. Opt. Soc. Am.  B 22 96 (2005)

Access to microscopic details
of the magnetic structure



SHG in ferroelectric and magnetic materials: Multiferroics



SHG in ferroelectric and magnetic materials: in BiFeO3 001 epitaxial layer (100 nm )

P

S1

P

S2

P

S3

2ω ω

ϕ

z : <001>

x : <110>

BFO sample
SHG image

y : <1-10>

3 possible AF orientations:

Chauleau et al. Nat. Materials 16, 803 (2017)

Full angular polarization dependence



SHG in ferroelectric and magnetic materials: in BiFeO3 001 epitaxial layer (100 nm )

P

S1

P

S2

P

S3

Set of SHG images

2ω ω

ϕ

z : <001>

x : <110>

BFO sample
SHG image

y : <1-10>

3 possible AF orientations:

Chauleau et al. Nat. Materials 16, 803 (2017)
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Antiferromagnetic configuration:

5µm

Reconstruction of the image 
depending on the asymmetry

ቁ𝑃 = 𝜀0 𝜒 𝑖 + 𝜒 𝑐 : 𝐸(𝜔) ⊗ 𝐸(𝜔

P

S3

∝ 𝑃 ∝ 𝑃 ∙ 𝐿

SHG in ferroelectric and magnetic materials: in BiFeO3 001 epitaxial layer (100 nm )

Chauleau et al. Nat. Materials 16, 803 (2017)



SHG in “pure” antiferromagnets:

(No dipolar field, No net Magnetization)

➢ Antiparallel arrangement of spins

Fairly difficult to access/image 

First demontration in Cr2O3:

ത3𝑚 𝜒𝑒𝑒𝑒 𝑖

ഥ𝟑𝒎 𝜒𝑒𝑒𝑒 𝑐

𝜒𝑚𝑒𝑒 𝑖
butT>TN

T<TN

Interference term



SHG in “pure” antiferromagnets:

(No dipolar field, No net Magnetization)

➢ Antiparallel arrangement of spins

Fairly difficult to access/image 

First demontration in Cr2O3:

ത3𝑚 𝜒𝑒𝑒𝑒 𝑖

ഥ𝟑𝒎 𝜒𝑒𝑒𝑒 𝑐

𝜒𝑚𝑒𝑒 𝑖
butT>TN

T<TN

Interference term

Fiebig et al. Phys. Rev. Lett. 66, 2906 (1995) Fiebig et al. Phys. Rev. B 54, 12681 (1996)



SHG in “pure” antiferromagnets:

T<TN  2/m

Centrosymmetric cristal structure

T<TN  Cc2/c magnetic space group

Centrosymmetric magnetic structure



SHG in “pure” antiferromagnets:



SHG at interfaces:

χ(2)=0

χ(2)=0
χ(2)≠0

E(2ω)E(ω)

Symmetry is intrinsically broken at the interface/surface 

ቁ𝑃(2𝜔) ∝ 𝜒𝑆
𝑒𝑒𝑒 𝑖 : 𝐸(𝜔) ⊗ 𝐸(𝜔

𝜒𝑆
𝑒𝑒𝑒 𝑖 : Transform with the point group symmetry of the surface

Heinz et al. Phys. Rev. Lett. 54, 63 (1985)

Single m symmetry

3m symmetry

Single m symmetrySingle m symmetry

Si (111) surfaces



SHG at interfaces: Magneto-Optics

χ(2)=0

χ(2)=0
χ(2)≠0

E(2ω)E(ω)

ቁ𝑃 2𝜔 ∝ 𝜒𝑆
𝑒𝑒𝑒 𝑖 + 𝜒𝑆

𝑒𝑒𝑒 𝑐 : 𝐸(𝜔) ⊗ 𝐸(𝜔

Breaking time-reversal symmetry and space-inversion symmetry are 
needed to observed MO SHG in the electron-dipole approximation 

Could be written as:
Axial 4th rank

M

From: Kirilyuk and Raising et al. J. Opt. Soc. Am.  B 22 148 (2005)



SHG at interfaces: Magneto-Optics

χ(2)=0

χ(2)=0
χ(2)≠0

E(2ω)E(ω)
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𝑒𝑒𝑒 𝑐 : 𝐸(𝜔) ⊗ 𝐸(𝜔

Breaking time-reversal symmetry and space-inversion symmetry are 
needed to observed MO SHG in the electron-dipole approximation 

Could be written as:
Axial 4th rank

M

From: Kirilyuk and Raising et al. J. Opt. Soc. Am.  B 22 148 (2005)



SHG at interfaces (case of LaAlO3/SrTiO3):

See also:
Savoia et al. Phys. Rev. B 80 075110 (2009)
Ogawa et al. Phys. Rev. B 80 081106R (2009)
Paparo et al. J. Opt. Soc. Am. B 30 2452 (2013)



SHG: ultrafast capabilities

Time resolved Pump-probe approach

probe SHG

pump

Δt



“Pump/Probe” setup

OPA

800 nm (Pump)

BS 50/50

BS

30%

70%

Sample (BFO)

900 nm (Probe)

Fs amp.

Delay stage

ωProbe= 900 nm

ωPump= 800 nm

2nd order processes

2ωProbe= 450 nm + O.R.

2ωPump= 400 nm + O.R.

(SFG)

Narrow band pass

Time-resolved SHG:
Single FE domain in BiFeO3

PFerroelectricቁԦ𝑃 = 𝜀0 𝜒 𝑖 + 𝜒 𝑐 : 𝐸(𝜔)⊗ 𝐸(𝜔

∝ Ԧ𝑃 ∝ Ԧ𝑃 ∙ 𝐿
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“Pump/Probe” setup

OPA

800 nm (Pump)

BS 50/50

BS

30%

70%

900 nm (Probe)

Fs amp.

Delay stage

Time-resolved SHG:
Single FE domain in BiFeO3

PFerroelectricቁԦ𝑃 = 𝜀0 𝜒 𝑖 + 𝜒 𝑐 : 𝐸(𝜔)⊗ 𝐸(𝜔

∝ Ԧ𝑃 + Ԧ𝑝(𝑡) ∝ Ԧ𝑃 + Ԧ𝑝(𝑡) ∙ 𝐿
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pOR(t)

Assessment of the ultrafast electrical polarization induced by optical rectification



Time-resolved SHG:

BBO

Ecryst(2ω)E(ω)

ETHz

ETEFISH(2ω)



Time-resolved SHG:



Time-resolved SHG:



Spin Hall effect

from Niimi et al. Rep. Prog. Phys. 78 124501 (2015)

Pt

E(2ω)E(ω)

I

Spin accumulation 
at interfaces

Time-resolved SHG:







SHG: Conclusions and Summary
2ω ω

ϕ

z : <001>

x : <110>

BFO sample
SHG image

y : <1-10>

• 2nd order Non-linear optical process
• Powerful tool to access and investigate complex ferroic distributions 

(microscopy, spectroscopy, polarimetry…)
• Despite its macroscopic signature, access to microscopic detail of the 

magnetic and multiferroic strucutures
• Surface, interface sensitivity
• To fully master SHG, symmetry argumentation and group theory are required
• Ultrafast time-resolved capabilities


